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Exploring Non-Abelian Geometric Phases in Spin-1 Ultracold Atoms
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The spin vector of a spin-1 system, unlike that of a spin-1/2 system, can lie anywhere on or inside the
Bloch sphere representing the phase space. As a consequence, the geometrical and topological properties of
the spin-1 phase space of quantum states are richer and require a generalization of Berry’s phase. For
special trajectories passing through the center of the Bloch sphere (singular loops), the geometric phase has
a non-Abelian nature. Here, we experimentally explore this geometric phase for singular loops in a spin-1
quantum system using ultracold 8Rb atoms confined in an optical trap using microwave and rf control

fields.
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Berry’s geometric phase is a manifestation of the
geometrical and topological properties of the state space
(or parameter space) of a physical system, with no regard to
its dynamics. Although, the condition of adiabaticity [1]
speaks of the dynamics, it was later established that this
condition is dispensable [2,3], and it is a kinematic property
[4]. For instance, fully magnetized spin states live on a
sphere, known as the Bloch sphere and the corresponding
Berry’s phase is a manifestation of the geometry and
topology of a sphere. In contrast, zero magnetization states
of an integer spin system do not live on a sphere—they live
on the real projective plane (RP?), the space of all
diameters of a sphere. As a consequence, the Berry phase
of the zero magnetization states is a manifestation of the
topology of RP? [5]. Recent theoretical work [6] has
revealed interesting features of the space of spin-1 quantum
states, developing a non-Abelian geometric phase for loops
inside the Bloch sphere, that also derives its properties from
the topology of RP2.

Owing to its geometrical origin, Berry’s phase for
spin-1/2 systems is robust to dynamical fluctuations and
can be used to construct robust phase gates known as
holonomic gates [7-11]. Adiabatic as well as nonadiabatic,
non-Abelian holonomic gates in two-level systems have
been demonstrated using nitrogen-vacancy centers [12—15],
and transmons [16,17]. More recently, optically controlled
holonomic gates have been implemented in nitrogen-
vacancy centers [18,19], ion traps [20,21], and nuclear
magnetic resonance systems [22]. Although many of the
above experiments used an ancillary level in addition to the
qubit states and therefore involved qutrit manipulations
effectively, the geometric phase loops themselves were
always confined to a qubit subspace. Therefore, the geo-
metric and topological properties exclusive to the space of
spin-1 quantum states remains experimentally unexplored.
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Here, we report on the first experimental observation,
using ultracold ®’Rb atoms, of the non-Abelian SO(3)
geometric phase, unique to spin-1 and higher systems [6].
Besides deriving its properties from the topology of RP?,
this geometric phase is richer than Berry’s phase in many
other ways: It is defined for all loops on or inside the Bloch
sphere, spanning the full qutrit space and it is carried not by
the overall phase, but by the tensor of spin fluctuations. The
latter, represented by a 3D ellipsoid, provides a useful
geometric perspective on the properties of spin-1 quantum
states.

The quantum state of a spin-1/2 system is uniquely
represented by a point on the Bloch sphere whose coor-
dinates are given by the expectation values of the spin
operators S, S,, and S,. Spin-1 (and higher) quantum states
differ in two ways. First, the expectation value of the spin

vector § = ((S,), (Sy). (S.))" is not confined to the surface
of the Bloch sphere; it could be anywhere on or inside the
Bloch sphere. And second, a quantum state is not uniquely
represented by its spin vector; there can be multiple
quantum states that share the same spin vector. For spin-
1 systems, this ambiguity is resolved by considering the
quantum fluctuations of the spin vector, i.e., an ellipsoid
surrounding the head of the spin vector [Fig. 1(a)]. This
ellipsoid represents a rank two tensor (7), also known
as the covariance matrix, whose components are T;; =
T({S:.8;}) = (5:)(S,). The pair (S, T) uniquely represents
a spin-1 quantum state up to an overall phase [23].

The geometric phase arises in this system when the
ellipsoid is parallel transported along a closed loop inside
the Bloch sphere [Figs. 1(c) and 1(d)]. As a result of the
parallel transport, the ellipsoid returns in a different
orientation which can be described by a 3D rotation,
represented by a 3 x 3 matrix. This rotation matrix (R),
a member of the non-Abelian SO(3) group, is the
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FIG. 1. Theory of spin-1 geometric phases: (a) shows that the spin vector (§) and the spin fluctuation tensor (7') can together be
represented by a point inside the Bloch sphere surrounded by an ellipsoid. (b) illustrates that the lengths of the ellipsoid’s axes are

constrained by the length of the spin vector. Explicitly, they are given by /1 — |§ [> and \/ (I+£4/1- |§ |)/2. For the three examples

labeled 1,2, and 3, the spin vectors S 12,3 satisfy 0 < \S: <1 3:2\ =1,and |§3| = 0. The ellipsoid degenerates to a disk for the last two
cases. (c¢) and (d) show the geometric phases carried by the ellipsoid when it is parallel transported along a nonsingular and a singular
loop inside the Bloch sphere, respectively. The final orientation of the ellipsoid is different from the initial orientation, due to an SO(3)
geometric phase. (e) and (f) contrast nonsingular and singular loops under a radial projection. The former has a continuous projection
and a well-defined solid angle, while the latter does not. (g) shows a diametric projection of the loop. The solid angle enclosed by this
cone is the generalized solid angle of the singular loop. This surface is indeed a loop in the space of diameters of a sphere, i.e., in RP2.
(h) shows a Boy’s surface, a representation of RP2, together with the loop projected on it. The generalized solid angle is equal to the

holonomy of this loop.

geometric phase of the loop. This geometric phase is an
operator, unlike Berry’s phase which is a complex scalar,
and is therefore more similar to the Wilczek-Zee phase [27]
and the Uhlmann phase [28]. This can be measured easily
in the components of the spin fluctuation tensor, specifi-
cally, the component 7';; changes to R;T;R; after the
parallel transport, a non-Abelian transformation.

The parallel transport of the ellipsoid has a deep
geometrical significance to the abstract space of quantum
states. The Fubini-Study metric, also known as the “quan-
tum angle,” characterizes the geometry of the space of
quantum states [29]. Among the infinitely many ways of
transporting the ellipsoid along a loop inside the Bloch
sphere, the parallel transport is the one that minimizes the
Fubini-Study length of the resulting path in the space of
quantum states [30-32]. Loops (not) passing through the
center are called (non)singular loops.

Geometrical interpretation of this geometric phase,
particularly for singular loops, needs the notion of gener-
alized solid angles [6]. The parallel transport of the
ellipsoid inside the Bloch sphere along a nonsingular loop
is reminiscent of the parallel transport of a tangent vector to
a sphere. Its geometric phase is therefore a rotation about

the spin vector by an angle equal to its solid angle
[Fig. 1(e)] and is Abelian. This solid angle is the angle
of the cone obtained by sweeping a radius along the loop
[Fig. 1(e)]. This cone is the radial projection of the loop.
For singular loops, this geometric notion of solid angle is
not well defined, as illustrated in Fig. 1(f). The radial
projection is discontinuous.

The discontinuous jumps in the radial projection of
singular loops are always diametrically opposite and there-
fore, sweeping a diameter along the loop generates a
continuous cone (i.e., a diametric projection), with a
well-defined angle [Fig. 1(g)]. This angle is equal to the
standard solid angle for nonsingular loops and is a
convenient generalization to singular loops.

While the standard solid angle is the integrated curvature
or holonomy of a loop on a sphere, the generalized solid
angle is the holonomy of a loop on RP? [23]. The diametric
projection of a loop inside the Bloch sphere is a path in
RP2. The holonomy of this path is indeed equal to the
generalized solid angle [6]. RP? can be represented by a
self-intersecting surface, known as Boy’s surface [33]
[Fig. 1(h)]. If the projection on RP? is open, its holonomy
is defined after closing it with a geodesic [Fig. 2(c)] [23].
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FIG. 2. Experimental sequence. (a) shows a singular loop that we implement experimentally. (b) shows how an ellipsoid is parallel
transported along this loop. (c) shows its projection on RIP2. This projection is an open path and its holonomy is defined after closing it
with a geodesic [34,35], shown by the dashed curve. (d) illustrates the holonomy of this path, i.e., the angle of rotation of a unit tangent
vector, after it is parallel transported along this loop. The experimental sequence of transporting the ellipsoid along this loop inside the
Bloch sphere is illustrated in (e). In order to observe the geometric phase, we measure S? as the tilted disk spins about the z axis at the
Larmor rate. (f) shows the oscillation of S2 without (black) and with (blue) the transport along the loop. The geometric phase is encoded
in the phase shift and the amplitude shift between the black and the blue datasets. Each data point is an average of ten shots and the error

bars represent the standard deviation.

The diametric projection also equips us with a concise way
of determining the geometric phase operator R. The two
end points of the diameter trace out a pair of congruent
loops on the surface of the Bloch sphere, which we may
parametrize in time as +7i(¢) and —i(¢), respectively. The
geometric phase then is

R =T exp </(ﬁfﬂ - ﬁﬁT)dt>.

Here, 7 is the time ordering operator and the integral is
evaluated through the loop.

We now turn to the experimental measurements. The
experiments are performed in the F = 1 hyperfine level of
the electronic ground state of ultracold 3’Rb atoms in an
optical dipole trap. A cloud of about 20 000 atoms evapo-
ratively cooled to <1 uK are initialized in the my = 0 state
[23,36]. From this starting point, any path within the Bloch
sphere can be induced by a combination of rotating (rf)
magnetic field pulses and microwave 2z pulses connecting
the F,Mr = 1,0 — 2,0 states. The former generates the

(1)

familiar Rabi rotation of the spin [23], and the latter realizes a
quadrupole operator that changes the spin length [37,38].
The final state of the system is determined by measuring the
populations in my = 0, -1 using a Stern-Gerlach separation
of the cloud followed by fluorescence imaging of the atoms
[37]. This provides a direct measurement of (S.) and (S?).
The transverse components of the spin length and moments,
e.g., (82), are measured using a /2 rf pulse preceding the
Stern-Gerlach separation.

We use the class of singular loops that start and end at the
center shown in [Fig. 2(a)]. They capture the distinguishing
features of this geometric phase, and are also convenient
to realize experimentally. The experimental sequence
[Fig. 2(e)] begins with an rf pulse that tilts the flat disk,
i.e., the initial state by the desired angle 6;,. We then
induce a transport along the loop using a sequence of
microwave and rf pulses. In a frame rotating at the Larmor
frequency, a resonant rf field is a constant field while the
microwave fields are insensitive to the Larmor rotation.
Therefore, the pulse sequence shown in Fig. 2(e) effectively
induces the loop in the rotating frame.
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FIG.3. Geometric amplitude shift and phase shift: (a) shows the

theoretical (continuous curve) and the experimental (triangular
markers) geometric amplitude shifts. The top inset shows the
geometric phase shifts for these five tilt angles and the continuous
line shows the corresponding theoretical value, i.e., #. The
bottom inset shows the disks (magnified) at the starting point
with different tilt angles used in the experiment. (b) shows the
theory (continuous curve) and experimental values (triangular
markers) of the geometric phase shift for different values of the
coverage angle (¢). The upper inset shows the corresponding
Larmor oscillation of (S2). The lower inset shows the loops
corresponding to the different values of ¢ used in the experiment.
The error bars corresponding to the above data points (i.e., fit
parameters) range between 0.012 and 0.03, smaller than the
markers and therefore are not displayed.

The geometric phase and the generalized solid angle are
R = R_(¢)R.(—¢) and ¢, respectively, for these loops [23].
The initial state is a disk tilted about the x axis by an angle
0. When this disk is parallel transported along this
loop, the geometric phase R manifests as a different final

orientation of the disk, now tilted about X = Xcos¢+
ysin¢g, by an angle 6}, = ¢ + Oyy,.
Because of the Larmor precession, (S2) oscillates at

twice the Larmor frequency (w;). If a disk is tilted by

04 about the x axis at =0, then (S2(¢)) = 1-
sin?@ysin®(w, t). After the parallel transport, (S2(t)) =
1 — sin?@, sin’(w, 1 + ¢). That is, due to its non-Abelian
nature, the accumulated geometric phase can be observed
in two parameters—a phase shift of 2¢ as well as an
amplitude shift of sin?0y, — sin*0,, in the oscillation
of (S3(1)).

The transport induced by the rf pulse is naturally a
parallel transport; i.e., the rf field evolves the system along
the path of least Fubini-Study length [7]. However, this is
not true for the microwave pulses; the transport along the
straight segments is not parallel and the system is taken
along a path of nonminimal Fubini-Study length [23].
Consequently, some dynamical phase is accumulated dur-
ing this transport that needs to be measured in order to
isolate the geometric phase. To accomplish this, we take
two data sets each measuring the oscillation of (S2)—one
after transporting the disk along the loop and another after
transporting the disk radially outward and then back
inward, for which there is no geometric contribution. A
comparison of these two data sets allows determination of
the geometric phase shift and amplitude shift of the induced
loops [Fig. 2()].

We have measured both the geometric phase shifts and
amplitude shifts for a range of angles (6, ¢), as shown in
Fig. 3. In Fig. 3(a), we investigate loops with a fixed angle
¢ = (=/2) for different initial orientations of the disk 6
in order to demonstrate a nontrivial amplitude shift. The
theoretical phase shift in the oscillation of (S2) is 2¢p = #
for each of the initial orientations of the disk, and the
experimental values are in good agreement, as seen in the
inset of Fig. 3(a). The theoretical amplitude shift depends
on the initial disk orientation—it is (1/2)cos20;,. The
observed amplitude shift is in excellent agreement with
the theory [Fig. 3(a)]. Data sets with explicit sinusoidal fits
showing the phase shift and amplitude shift corresponding
to three of the different initial orientations are shown in
Fig. 2().

In Fig. 3(b), we demonstrate the dependence of the phase
shift to the generalized solid angle of the loop. For these
measurements, the starting disk orientation is O, = (7/4)
and the range of loops investigated is shown in the inset to
the figure. The measured phase shifts show excellent
agreement with the theoretical phase shift in the oscillation
of (S2), which is 2¢.

Unlike Abelian geometric phases, this geometric phase
manifests in terms of two observable parameters—the
phase shift and the amplitude shift. Using a set of loops,
all of them based at the center, we have shown the variation
of the amplitude shift at constant phase shift in one dataset
[Fig. 3(a)] and the variation of the phase shift at constant
amplitude shift in the other [Fig. 3(b)]. That is, these two
parameters vary independently implying that the group of
geometric phase operators is more complicated than the
Abelian group of all rotations about a fixed axis. There are
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no two parameter Abelian subgroups in the group of all
rotations, i.e., SO(3). Therefore, our experimental data
demonstrate the non-Abelian nature of this geometric
phase, which occurs only for singular loops [6].

We have experimentally demonstrated the non-Abelian
geometric phases carried by the spin fluctuation tensor in
spin-1 systems. We have also measured directly, the
generalized solid angle of the singular loops considered
here. This is the first experiment exploring the nontrivial
topological properties of spin-1 quantum systems, that arise
from RP2. A natural succession of our experiment is to
prepare 1D and 2D spin textures in spatially extended
spin-1 systems. Spin-1/2 textures like skyrmions, domain
walls, and Néel walls have been extensively studied and are
characterized by their Berry phase. Spin-1 quantum states
add a new feature to these textures—the spin vector can be
inside the Bloch sphere, allowing for a larger class of
textures.

We hope that this geometric phase will find applications
in studying topological phase transitions [39] in systems
with a complex tensor order [40], which transforms similar
to the spin fluctuation tensor under SO(3) rotations.
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