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A protocol for the creation of time-stationary squeezed states in a spin-1 Bose condensate is
proposed. The method consists of a pair of controlled quenches of an external magnetic field,
which allows tuning of the system Hamiltonian in the vicinity of a phase transition. The quantum
fluctuations of the system are well described by quantum harmonic oscillator dynamics in the limit
of large system size, and the method can be applied to a spin-1 gas prepared in the low or high
energy polar states.

I. INTRODUCTION

Creation and characterization of quantum squeezed
and entangled states in atomic Bose-Einstein condensates
(BECs) with internal spin degrees of freedom are frontier
problems in the field of quantum-enhanced measurement
and in the investigations of quantum phase transitions
and non-equilibrium many-body dynamics [1, 2]. Con-
densates with ferromagnetic spin-dependent collisional
interactions exhibit a second-order quantum phase tran-
sition, which is tunable by using external fields and avail-
able to low-noise tomographic quantum state measure-
ment. Experimental studies of collisionally-induced spin
squeezing in condensates have mainly utilized time evo-
lution following a magnetic field quench from an initially
uncorrelated state to below the quantum critical point
(QCP). The squeezing is a result of the quenching and
subsequent dynamics generated by the the final Hamilto-
nian, which is either of the one-axis twisting form [3, 4]
or a close variant [5, 6]. Spin squeezed states have also
been generated without quenching through the QCP by
parametric/Floquet excitation [7, 8].

In addition to these inherently non-equilibrium meth-
ods, there is much interest in utilizing adiabatic evolu-
tion in spin condensates to create non-trivially entangled
ground states such as Dicke states and twin-Fock states
[9]. Towards this end, there have been experiments using
adiabatic [10] or quasi-adiabatic [11, 12] evolution across
the symmetry breaking phase transition to create these
exotic entangled states. Although some of the interest
in these methods has been stimulated by potential appli-
cations to adiabatic quantum computing, there are also
compelling applications to quantum enhanced metrology
[13]. A key feature of these approaches is that the en-
tanglement is created in the time-stationary states of the
final Hamiltonian, at least in the limit of perfect adia-
baticity.

Here, we focus on Gaussian spin squeezed states and
consider methods to create time-stationary spin squeez-
ing in a spin-1 condensate by tuning the system Hamil-
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tonian through a pair of quenches of the external mag-
netic field. Similar squeezed states have previously been
discussed in the context of spin-1/2 systems [14–17].
Our protocol effectively shortcuts the adiabatic technique
[18], overcoming the challenge of maintaining adiabatic-
ity in the neighborhood of the QCP where the frequency
scale of the final Hamiltonian evolution tends to zero.
Our protocol can be applied to spin-1/2 systems as well,
for example, bosonic Josephson junctions [19]. As the
squeezing is time-stationary it may be observed directly
without the need for balanced homodyne [20] nor Fock
states population detection methods [21].

Effectively we propose to implement the quantum har-
monic oscillator symplectic Heisenberg picture dynam-
ics (X,P ) 7→ M(t)(X,P ), for times t greater than the
squeezed state preparation time T, where

M(t) =

(
−xf sinωf (t− T ) xf cosωf (t− T )
−x−1f cosωf (t− T ) −x−1f sinωf (t− T )

)
,

satisfies detM(t) = 1, and (X,P ) is regarded as a col-
umn vector of initial Heisenberg/Schrödinger picture op-
erators [22]. Here ωf is the oscillator final frequency,
i.e., at the end of the protocol, while xf is the final os-
cillator dimensionless length scale, defined below. The
Heisenberg-limited squeezing of position and momentum
variables, associated with the reciprocal factors in the
rows of matrix M(t), is independent of time for t > T
under this dynamics. Our shortcut protocol requires a
preparation time T ∼ √η which is

√
η faster than the

lower limit of the adiabatic passage Tad ∼ η. Here 1/η
is the degree of squeezing of the position or momentum
variance. The method solves the problem connecting the
time evolution between two quantum oscillator ground
states, and its simplicity renders optimal control consid-
erations somewhat superfluous (Appendix C). We note
that optimal control between canonical thermal states of
collections of oscillators has been extensively investigated
[23–25].

In this paper we consider the dynamics of a spin-1 con-
densate in a magnetic field oriented along the z direction
and satisfying the single spatial mode approximation to
be described by the Hamiltonian [5],

Ĥ =
c

2N
Ŝ2 − q

2
Q̂z, (1)



2

where Ŝ2 = Ŝ2
x+Ŝ2

y+Ŝ2
z and Ŝν =

∑N
i=1 ŝ

i
ν is a collective

spin operator with ŝν the corresponding single particle
spin-ν component, and N is the total number of atoms.
The operator Q̂z = −N̂/3 − Q̂zz is defined in terms of

the nematic (quadrupole) tensor Q̂νµ =
∑N
i=1 q̂

i
νµ, where

q̂νµ ≡ ŝν ŝµ+ ŝµŝν−(4/3)δνµ is a symmetric and traceless
rank-2 tensor. The coefficient c/(2N) is the collisional
spin interaction energy per particle, with c < 0 for 87Rb
dictating a preferred ferromagnetic ordering (in this pa-
per c = −|c| always), while q = qzB

2 is the quadratic
Zeeman energy per particle with qz/h = 72Hz/G2.

We will consider the spin system to be prepared in an
eigenstate of Ŝz with quantum number zero. Since the
Hamiltonian commutes with Ŝz, we may restrict Ĥ to
the subspace of zero net magnetization. The classical
phase space corresponds to intersecting unit spheres in
the {Sx, Qyz, Qz} and {Sy, Qxz, Qz} variables.

The classical phase-space orbits of constant energy per
particle are shown in Fig. 1. For q � 2|c|, the ground
state of the Hamiltonian is the polar state with all atoms
having Sz = 0, and which in the Fock basis can be written
as |N+1, N0, N−1〉 = |0, N, 0〉, where Ni labels the occu-
pancy of the corresponding Zeeman state, i = −1, 0, 1.
The polar state gives a symmetric phase space distribu-
tion in {Sx, Qyz} and {Sy, Qxz} as shown in Fig. 1(a) [7].
This state is the starting point for many experiments in
part because it is easily initialized and stationary in the
high q limit. In previous experimental work [5], we have
been able to generate a large degree of squeezing by sud-
denly quenching the magnetic field from q =∞ into the
interval q ∈ (0, 2|c|), such that the initial state evolves
along the separatix developed in the phase space shown
in Fig. 1(b). The time evolution stretches the noise dis-
tribution along the separatrix and leads to a large degree
of squeezing ξ2min < 1 for short enough times, as shown
in Fig. 1(c).

In this paper, we propose a method to create time-
stationary minimum uncertainty squeezed states of a
spin-1 condensate. The squeezing is a response to the
deformation of the phase space as the system Hamilto-
nian is tuned close to the QCP. We consider principally
the low-energy polar state (〈Q̂z〉 = 1), whose phase space
is shown in Fig. 2(a). We also discuss the experimen-

tally less accessible high-energy polar state (〈Q̂z〉 = −1)
whose phase space is shown in Fig. 2(b). In both cases,
Gaussian fluctuations can be treated by means of quan-
tum harmonic oscillator dynamics in the limit of large
particle number.

The remainder of the paper is organized as follows. In
section II A we discuss the protocol in the quantum har-
monic approximation, proving that time-stationary spin
squeezed states are produced by presenting complemen-
tary arguments in the Heisenberg and Schrödinger pic-
tures. In section II B we consider the validity of the
harmonic approximation as a function of system size N ,
by means of numerical solutions of the full dynamics. In
section II C we show how the harmonic approximation
provides a practical method to estimate the fidelity of
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FIG. 1. (color online). Standard method of creating (non-
stationary) squeezed states in a spin-1 BEC. The phase spaces
for (a) q � 2|c|, (b) 0 < q < 2|c|, respectively. Red/blue lines
indicates the energy higher/lower than the separatrix (black

lines) across (〈Ŝx〉,〈Q̂z〉,〈Q̂yz〉)=(0,N,0) point. The red distri-
bution is an exaggerated illustration of the polar state. The
blue distribution is the non-equilibrium evolution for the state
initially prepared in (a), which stretches along the seperatrix
as observed in our previous work [5]. (c) The evolution of the
maximum ξ2max and the minimum squeezing parameter ξ2min
as a function of dimensionless time t/tc. The squeezing is lost
after a few characteristic times tc = 2π~/|c|.

state preparation in the experimentally relevant limit of
large system size. In Section III we present our conclu-
sions and then several appendices discuss calculation of
finite system-size energy gaps useful in estimating resid-
ual noise fluctuations, squeezing in the high energy polar
state and a brief comparison with the optimal control
protocol for our problem.

II. TIME-STATIONARY SQUEEZING:
CONTROLLED DOUBLE QUENCH

We consider the condensate to be prepared in the low-
energy polar state in the limit of large magnetic field
q →∞. (Essential changes in the analysis needed to de-
scribe the high-energy polar state are outlined in Ap-
pendix B.) A pair of quenches of the external magnetic
field is used to bring the system towards the critical point,
where squeezing develops. The procedure thereby avoids
the critical slowing down experienced by adiabatic meth-
ods [26].
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FIG. 2. (color online). Squeezing in the low and high energy
polar states. The phase spaces are shown for the low-energy
polar state in (a) as q → 2|c|+ (a one-sided limit from above)
and in the high-energy polar state in (b) as q → 0+. As q
approaches the QCP, the states follow the deformation of the
constant-energy level sets and squeeze accordingly.

A. Harmonic approximation: N →∞

In Fig. 2(a) near the pole at 〈Q̂z〉 = 1, Eq. 1 can be
approximated by

H =
2c+ q

4

Ŝ2
x + Ŝ2

y

N
+
q

4

Q̂2
yz + Q̂2

xz

N
+O(Ŝ4

µ, Q̂
4
µν) (2)

when q > 2|c|. We see from Eq. 2 that the orbits near the
polar axis are harmonic oscillator-like to leading order.
The starting point for a quantum harmonic description of
the noise fluctuations is the identification of canonically
conjugate variables, in the Ŝz = 0 subspace formed by
|N1, N0, N−1〉 = |k,N − 2k, k〉 =: |k〉, 0 ≤ k ≤ N

2 .
The commutation relations for the subspace

are 〈k′|[Ŝx, Q̂yz]|k〉 = i(6k − 2N)δk′,k and

〈k′|[Ŝy, Q̂xz]|k〉 = i(2N − 6k)δk′,k. Near the Q̂z
pole where k � N , the commutation relationships
are 〈k|[−Ŝx/

√
2N, Q̂yz/

√
2N ]|k〉 = i + O(k/N) and

〈k|[Ŝy/
√

2N, Q̂xz/
√

2N ]|k〉 = i+O(k/N). Hence

X1 := −Ŝx/
√

2N, X2 := Ŝy/
√

2N,

P1 := Q̂yz/
√

2N, P2 := Q̂xz/
√

2N,

also satisfy [X1, X2] = [P1, P2] = −iŜz/(2N) =

0, [X1, P2] = [X2, P1] = iQ̂xy/(2N) = 0 by neglecting
terms of O(k/N) and are thus canonically conjugate vari-
ables analogous to a pair of position and momenta. The
predictions of the harmonic approximation will be com-
pared with numerical calculations of the full dynamics in
section II B.

The system is accordingly described by two identical
uncoupled quantum oscillators with Hamiltonian

H =
2c+ q

2
(X2

1 +X2
2 ) +

q

2
(P 2

1 + P 2
2 ),

with [Xα, Pβ ] = iδα,β . We can identify the effective mass

m = q−1 and frequency ω =
√
q(q − 2|c|). As the oscilla-

tors are identical and the initial conditions uncorrelated,

we treat a generic oscillator in the following discussion
and omit the identifying subscript for notational simplic-
ity.

The dimensionless length scale
√
q/ω of the oscillator

is reciprocal to its momentum scale. The initial condition
for the low-energy polar state of the spinor condensate
corresponds to the oscillator prepared in its ground state,
in which the oscillator position and momentum scales are
both equal to unity, q/|c| >> 1. In this case the quantum
fluctuations are Heisenberg limited and equally shared
between position and momentum variables, correspond-
ing to a coherent vacuum state. Regarding the quadratic
Zeeman energy q as an external control variable, the tar-
get squeezed state is the ground state of a deformed os-
cillator in which the dimensionless length xf =

√
qf/ωf

and momentum x−1f scales are vastly different. This can
be achieved by adjusting q to a final value qf near to

the QCP (qc := 2|c|), where ωf =
√
qf (qf − 2|c|) → 0

and xf diverges. In the following we propose a procedure
which implements the symplectic Heisenberg picture dy-
namics (X,P ) 7→ M(t)(X,P ), for times t greater than
the squeezed state preparation time T, where

M(t) =

(
−xf sinωf (t− T ) xf cosωf (t− T )
−x−1f cosωf (t− T ) −x−1f sinωf (t− T )

)
,

satisfies detM(t) = 1, and (X,P ) is regarded as a column
vector of Heisenberg picture operators [27] correspond-
ing to the initially prepared low-energy polar state. As
shown in the following subsection the Heisenberg-limited
squeezing of position and momentum variables, associ-
ated with the reciprocal factors in the rows of matrix
M(t), is independent of time for t > T under this dy-
namics.

1. Heisenberg picture

The squeezing protocol may be analyzed in the Heisen-
berg picture as follows. We wish to reduce the Zeeman
energy q from large positive values towards 2|c|, and in
order to do this we consider a preparation time T which
is bounded at its ends t = 0 and t = T by a pair of in-
stantaneous quenches in which q is successively reduced
through piecewise constant values in the intervals t < 0,
0 ≤ t < T and T ≤ t. We will refer to these regimes as
the (low-energy) polar condensate regime, the interme-
diate regime and the final regime, respectively, and label
the oscillator parameters appropriately. The initial value
of q = 103|c|, is used to represent the dominance of the
quadratic Zeeman energy in the prepared polar conden-
sate q/|c| → ∞. The complete time dependence is given
by

q(t) = 103|c|χ(−∞,0)(t) + qiχ[0,T )(t) + qfχ[T,∞)(t),

where the indicator function for a set A is defined by
χA(t) = 1 for t ∈ A and χA(t) = 0 for t /∈ A, and qi is
yet to be determined. We will choose T to be a quarter
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of the oscillation period of the intermediate oscillator, as
in previous discussions of harmonic oscillator squeezing
by instantaneous change of frequency [28–30].

Just prior to the first quench at t = 0, the ini-
tial Heisenberg picture position and momentum opera-
tors are written as (X,P ). During the first quench the
Heisenberg position and momentum operators are con-
tinuous [31, 32], and with ωi =

√
qi(qi − 2|c|), the length

scale of the intermediate oscillator is xi :=
√
qi/ωi. For

0 ≤ t < T , the time evolution of the Heisenberg operators
is then

X(t) = X cosωit+ x2iP sinωit

P (t) = P cosωit− x−2i X sinωit.

Choosing T to correspond to a quarter period of oscilla-
tion ωiT = π/2, gives

X(T ) = x2iP and P (T ) = −X/x2i .

This single sudden quench results in a time-periodic oscil-
lation of position/momentum squeezing as observed pre-
viously [29, 33].

In the second quench at t = T, q is reduced from qi to
a value qf closer to 2|c|, and the operators (X(T ), P (T ))
are continuous. For τ := t − T ≥ 0, the subse-
quent harmonic motion is at the slow frequency ωf =√
qf (qf − 2|c|), and

X(t) = xf
[
(x2i /xf )P cosωfτ − (xf/x

2
i )X sinωfτ

]
P (t) = −x−1f

[
(xf/x

2
i )X cosωfτ + (x2i /xf )P sinωfτ

]
,

where xf :=
√
qf/ωf is the length scale of the final os-

cillator.
Now selecting the quadratic Zeeman energies qi and qf

such that

xf = x2i

gives,

X(t) = xf [P cosωfτ −X sinωfτ ]

P (t) = −x−1f [X cosωfτ + P sinωfτ ] ,

corresponding to the desired symplectic transformation
(X,P ) 7→ M(t)(X,P ), discussed above. In this case
the quantum variances for the initially prepared vacuum
state associated with the polar condensate are squeezed,
time-independent and Heisenberg limited for t ≥ T,

∆X2(t) =
1

2

1√
1− 2|c|/qf

=
1

2

1

1− 2|c|/qi

∆P 2(t) =
1

2

√
1− 2|c|/qf =

1

2
(1− 2|c|/qi).

Based on the above analysis, the spin-squeezing pa-
rameter in the original variables of the condensate at
qf → 2|c|+ can be described by

ξ2Qyz
=

∆Q2
yz

N
=
√

1− 2|c|/qf . (3)

qi

qf

(a) (b) (c)

(d) (e)

FIG. 3. (color online). Illustration of the classical phase por-
trait of the double-quench protocol. (a) (X,P ) (red dot) sat-
isfies symmetric condition with an arbitrary phase in the po-
lar state regime. The evolution creates squeezing in the final
regime qf orbit (blue solid line) by passing an intermediate
qi orbit for a quarter period (black arrow line). (b)-(e) is
the ensembles evolution in (X(t), P (t)). The initial ensem-
ble (b) satisfies the uncertainty relationships at q = ∞. The
ensemble rotates while squeezing in the intermediate regime
(c). At t = T (d), a second quench to q = qf (e) locks the
squeezing amplitude and angle. This is in agreement with
the quantum harmonic oscillator description for achieving a
time-stationary squeezed state.

We note that to achieve a squeezing variance of 1/η :=
1−2|c|/qi relative to the standard quantum limit, we need
to approach within 1/η2 of the critical point 1−2|c|/qf =
1/η2 and qi/qf = 1 + 1/η.

The sensitivity of the squeezing to the condition xf =
x2i , between qi and qf , can be computed by considering a
small error δ in the value of qf , i.e., |δ|/qf << 1, as the
following approximate expression shows,

∆P 2(t) ≈ 1

2
(1− 2|c|/qi)

[
1 +

δ

qf

2|c|/qf
1− 2|c|/qf

sin2 ωfτ

]
.

In the alternative form

∆P 2(t) ≈ 1

2η

[
1 +

δ

qf
(η2 − 1) sin2 ωfτ

]
, (4)

we observe that to sustain a momentum variance squeez-
ing of 1/(2η) it is necessary that

η2|δ|/qf << 1.

A small error in control of the Zeeman energy value in the
vicinity of the quantum critical point leads to a quadratic
sensitivity to noise fluctuations.

We recall that in the N = +∞ limit, the semi-classical
dynamics of Eq. 1 can be described by the mean-field
equations [34]

ρ̇0 =
2c

~
ρ0
√

(1− ρ0)2 −m2 sin(θs)

θ̇s = −2q

~
+

2c

~
(1− 2ρ0) +

2c

~
(1− ρ0)(1− 2ρ0)−m2√

(1− ρ0)2 −m2
cos(θs),
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FIG. 4. (color online). The mean-field numerical simulation
result is in good agreement with Eq. 3. A time-stationary
squeezing can be generated through a pair of quenches, which
maintains the squeezing after a few characteristic times.
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FIG. 5. (color online). Comparison of Eq. 4 with the mean-
field simulation dynamics. We plot ν = 2 max(∆P 2(t))− 1/η
as the oscillation amplitude of sin2 ωfτ to illustrate the time-
dependent noise fluctuations for t > T when δ 6= 0. (a) ν as
a function of δ/qf for η = 3. The red circles are the result
from the simulation versus the analytic result (black dashed
line). (b) The amplitude is bigger for higher squeezing η with
δ/qf = 2%.

where ρ0 is the relative population of N0, m is the rela-
tive magnetization and θs is the relative phase between
N0 and N±1. If an ensemble of initial conditions is de-
fined to satisfy the quantum uncertainty relationships
∆Sx∆Qyz = N and ∆Sy∆Qxz = N , the numerical sim-
ulation (Fig. 4) shows that the double-quench protocol
agrees with Eq. 3 with a final time-invariant ξ2Qyz

. In Fig.

5, the noise sensitivity from the numerical simulation is
in good agreement with Eq. 4.

The classical phase space picture in Fig. 3 shows the
evolution of an ensemble which passes from the initial
state through a quarter period of intermediate dynamics
to the final state with the most eccentric level curves.

2. Schrödinger picture

In the Schrödinger picture the protocol achieves a
transformation from the ground state of the initial os-
cillator, whose quantum fluctuations are those of the po-

lar condensate, to the ground state of the final oscillator
created by a pair of quenches. The Schrödinger picture
operators X and P can be written three separate ways in
terms of annihilation and creation operators for the po-

lar condensate (a, a†), the intermediate oscillator (ai, a
†
i )

and the final oscillator (af , a
†
f ), using the appropriate

oscillator length scales xi and xf . Hence we can easily
see that the oscillator variables are related by an SU(1,1)
transformation [35]

ai = µia− νia†, and a†i = µia
† − νia,

where µi := (xi + 1/xi)/2, νi := (xi − 1/xi)/2, and µ2
i −

ν2i = 1. To achieve the target system discussed above we
must control the Zeeman energy quenches so that xf =
x2i , and in this special case the final and intermediate
oscillator variables are similarly related by

af = µiai − νia†i , and a†f = µia
†
i − νiai.

Let the vacuum state of the polar condensate oscillator
be denoted |Φ〉, so that a|Φ〉 = 0, and the vacuum state
of the final oscillator be denoted |Ω〉, so that af |Ω〉 = 0.
The Schrödinger picture state vector at time t = 0 is
|Ψ(0)〉 = |Φ〉, and the double quench produces |Ψ(t)〉 =
|Ω〉, for t ≥ T. To see this we introduce the Fock states

{|n〉}∞n=0 of the intermediate oscillator a†iai|n〉 = n|n〉.
Since for each n = 0, 1, 2, ...

〈n|µiai + νia
†
i |Φ〉 = 0

it follows in the sudden approximation, that only even
Fock states of the intermediate oscillator are generated
in the first quench [36]

〈2n|Φ〉 = (−1)n
√

(2n)!
√
µi2nn!

(
νi
µi

)n
, n = 0, 1, 2, ...

A similar analysis shows that, 〈2n|Ω〉 = (−1)n〈2n|Φ〉.
Using the sudden approximation also for the second
quench, with ωiT = π/2, gives

e−iωia
†
iaiT |Φ〉 =

∞∑
n=0

(−1)n|2n〉〈2n|Φ〉

=

∞∑
n=0

|n〉〈n|Ω〉

= |Ω〉,

so that the quarter period evolution between quenches
prepares the final oscillator ground state, and the time
independence of the position and momentum squeezing
is readily understood.

3. The high-energy polar state

In Fig. 2(b) near the pole at 〈Q̂z〉 = −1, Eq. 1 satisfies
a quantum harmonic approximation to leading order with
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FIG. 6. (color online). The comparison between the double-
quench protocol and the adiabatic passage. (a) q(t) (blue
solid line) and qad (red dashed line) are shown as a function
of t. (b) Fidelity F is plotted for q (blue solid line) and qad
(red dashed line). Note q reaches higher fidelity of |Ω〉 in a
shorter time compared to qad.

mass m = (q/2)−1 and frequency ω2 = q(q+2|c|)/4 in the
high-energy polar state case (see Appendix B). The same
double-quench sequence as described above can also be
applied in this case, and the theory goes through with the
redefinition of xf =

√
qf/(qf + 2|c|). All of the results

for the low-energy polar state now apply when |c| 7→ −|c|.
The squeezing occurs in the position variable rather than
the momentum. As a result, the high-energy polar state
exhibits spin-squeezing given by

ξ2Sx
=

∆S2
x

N
=
√
qf/(qf + 2|c|), (5)

as qf → 0+.

B. Numerical treatment of full squeezing dynamics

To assess the limits of validity of the harmonic approx-
imation and the role of finite system size N , we numeri-
cally solve the full quantum spin-1 dynamics in the single
mode approximation [37],

i~∂t|Ψ(t)〉 = Ĥ(q(t))|Ψ(t)〉

with Ĥ(q(t)) defined by Eq. 1.

We work in a subspace with Ŝz = 0. A suitable basis
consists of the states |N1, N0, N−1〉 = |k,N − 2k, k〉 =:
|k〉, 0 ≤ k ≤ N

2 . In this basis, the relevant matrix ele-
ments needed to construct the Hamiltonian matrix are

〈k′|Ŝ2
x + Ŝ2

y |k〉 = 2

[(
2(N − 2k)k + (N − k)

)
δk′,k+

(k + 1)
√
N − 2k

√
N − 2k − 1δk′,k+1+

(k)
√
N − 2k + 2

√
N − 2k + 1δk′,k−1

]
,

〈k′|Q̂z|k〉 = 4kδk′,k,

and the initial condition is |Ψ(t = 0)〉 = |0, N, 0〉. The
time dependence of the magnetic field quench q(t) =
qiχ[0,T )(t) + qfχ[T,∞)(t) is used in the simulation with

the relation 1 + 2c/qf = (1 + 2c/qi)
2 and ωiT = π/2

predicted by the harmonic approximation. The ground
state of the final oscillator, denoted |Ω〉 above, can be
compared to the numerically computed lowest eigenvec-
tor of H(qf ).

The quench dynamics may be compared to those of
an alternative time-dependence governed by the adia-
batic passage function, t 7→ qad(t) [10]. The latter is
determined by taking an initial value of q = 20|c| and
then optimizing the computed ground state fidelity, de-
fined below, over a set of linear decreasing functions of
time in the first time interval. The procedure is then re-
peated over the sequence of time intervals, to ensure that
the fidelity with respect to the instantaneous Hamilto-
nian ground state at each step exceeds 99.9%. We note
that this method outperforms the linear q ramp [26], the
Landau-Zener ramp [38–41] and the exponential ramp
[42].

To verify that we achieve the many-body ground state,
the computed fidelity F = |〈Ψ(t)|Ω〉|2 is shown in Fig.
6(b), where |Ω〉 is the numerically-computed lowest eigen-
vector of H(qf ). In these simulations, the quench func-
tion t 7→ q(t) results in a final fidelity F that satisfies
1 − F < 10−6, with the squeezing parameter η ≈ 2,
N = 103 and qf = 3|c|. Although the overall quench
sequence is apparently non-adiabatic, we can see the fi-
nal state is indeed the many-body ground state at q = qf .
It is clear that the function t 7→ q(t) outperforms the op-
timized adiabatic ramp fidelity and does so in a shorter
preparation time. For the squeezing variance factor η the
preparation time is given by

T =
π

2ωi
=

π

2qf

η

η + 1

√
η.

By comparison, the adiabatic passage preparation time
Tad can be estimated by the Landau-Zener [38, 39] and
Kibble-Zurek theories [43, 44], and is bounded by the
relaxation time

Tad ≥
2π

ωf
=

2π

qf
η.

In Fig. 6, this is illustrated for the case of η ≈ 2.
We note that similar numerical computations can be

used to investigate the high-energy polar state by em-
ploying the initial state |Ψ(t = 0)〉 = |N/2, 0, N/2〉 in
the Schrödinger equation and the relation 1 − 2c/qf =
(1− 2c/qi)

2 in the quench function t 7→ q(t).

1. Numerical investigation of finite N effects

When we consider finite atom number N , the system-
size dependent effect becomes important. For the low-
energy polar state the QCP is shifted by an N dependent
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FIG. 7. (color online). The system-size dependent effect
(N = 103) on the shift of the QCP will lead to time-dependent
oscillations in the final regime. (a) ξ2Qyz

versus t curves are

plotted for the low-energy polar state with qf ∈ [2.05|c|, 3|c|];
(b) ξ2Sx

versus t curves are plotted for the high-energy po-
lar state with qf ∈ [0.05|c|, 1|c|]. By contrast with (a), there
is no time-dependent oscillation as the critical point has no
system-size dependent shift.
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FIG. 8. (color online). The finite system-size effect on the
maximum squeezing due to the non-zero minimal energy gap.
Analytic curves (black dashed lines) are compared with the
full quantum simulation of N ∈ [10, 2000] (solid lines). A
sufficiently large N is necessary for the preparation of a highly
squeezed state in the low-energy polar state case (a) and the
high-energy polar state case (b).

quantity

2− qc/|c| ≈ e3/2N−2/3

(see Appendix A). For the high-energy polar state, qc = 0
is unshifted. In Fig. 7, we consider N = 103. In
Fig. 7(a) for the low-energy polar state, the shift acts

as an effective error δ in the Zeeman energy, as de-
scribed in section II A, causing time-dependent oscilla-
tions in the final regime. In the previous section, we
showed the oscillation is suppressed when η2|δ|/qf � 1.

|δ| ≈ 2|c| − qc = |c|e3/210−2 is estimated by the system-
size shift. The graphs shown for qf = 3|c| and qf = 2.3|c|
both satisfy this condition, while for qf = 2.05|c| we es-
timate η2|δ|/qf = 1.8. In Fig. 7(b) by contrast, the
high-energy polar state shows no oscillation in the final
regime due to the absence of a system-size dependent
shift.

In the harmonic oscillator description, the maximum
squeezing occurs at the QCP where the frequency ωf →
0. However, there is a non-zero minimal energy gap ∆
between the ground state and the first excited state [9]
due to the finite atom number for the low-energy polar
state. Thus the maximum squeezing computed by solv-
ing the ground state of H(qf ) is limited by N as shown in
Fig. 8(a). The same maximum squeezing limit occurs for
the high-energy polar state with a non-zero minimal en-
ergy gap ∆E between the highest and the second highest
excited states [45] (see Appendix A).

The fidelity of target states generated with the double-
quench protocol is summarized in Fig. 9 as a function of
qf and N .

(a) (b)

FIG. 9. (color online). The fidelity of the target state is
numerically computed as a function of atom number N and
qf : (a) low-energy polar state: as qf approaches 2|c|, large N
is necessary but not sufficient for large squeezing due to the
shifted QCP. (b) high-energy polar state: as qf approaches
2|c|, large N is sufficient for large squeezing due to the un-
shifted QCP.

C. Estimating the target state fidelity

In this section, we discuss a simple practical method
to experimentally estimate the fidelity of production of
the final oscillator ground state ( |Ω〉 := |0〉) in the limit
of large N (say N ≥ 103). In practice, N ≈ 105 is com-
monly measured in a spinor condensate of 87Rb. If the
system is prepared in the final target ground state |0〉, the
squeezing uncertainties will be time-independent. On the
other hand, if the system has an admixture of excited
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states, then the squeezed and antisqueezed quadrature
fluctuations will vary harmonically at the frequency ωf
and produce a modulation in time given by the oscilla-
tion of the variances Osc[ξ2µ], µ = Sx, Qyz, defined be-
low. By a spectral analysis of the numerically-computed
wavefunctions, we find that only the ground and the first-
excited states are significantly occupied.

The simplest model which mixes an excited state com-
ponent to the final oscillator ground state is a coherent
superposition in which the first excited state, |1〉, has
probability pe,

|Ψ(t)〉 =
√

1− pe|0〉+ e−i(ωf t+φ)
√
pe|1〉,

with φ a relative phase.
We note the matrix elements for the final oscillator at

q = qf are

〈0|∆X2|0〉 = −〈0|∆X2|1〉 =
1

2

√
qf

qf + 2c

〈1|∆X2|1〉 =
3

2

√
qf

qf + 2c
.

(6)

As noted in section II B, Eq. 6 may be checked against
a full numerical computation of matrix elements of
Ŝ2
x/2N = X2 and Q̂2

yz/2N = P 2 using the ground and
the first excited states of the final Hamiltonian. We have
obtained excellent agreement for all matrix elements in
the case of N = 103 and qf ∈ (2|c|, 10|c|].

The model predicts the mean-square oscillator fluctu-
ations for |Ψ(t)〉 is given by, with as before 1−2|c|/qf =:
1/η2,

〈Ψ(t)|∆X2|Ψ(t)〉

=
(

(1 + 2pe)− 2 cos(ωf t+ φ)
√
pe(1− pe)

) η
2

〈Ψ(t)|∆P 2|Ψ(t)〉

=
(

(1 + 2pe) + 2 cos(ωf t+ φ)
√
pe(1− pe)

) 1

2η
.

(7)

To compare the simple model with the full numerical
solutions we should first check that the ratio of the mean
to the oscillation of the cos(ωt) harmonic is independent

of x2f =
√
qf/(qf − 2|c|) and depends only on pe. In Fig.

10(a), we show that this feature of the model is indeed
consistent with full numerical computations.

In Eq. 7, the amplitude of cos(ωt) is defined as Osc[ξ2µ]
and follows the relationship

(Osc[ξ2Sx
]/η)2 = (ηOsc[ξ2Qyz

])2 = 4pe(1− pe), (8)

where ξ2Sx
= 2∆X2 and ξ2Qyz

= 2∆P 2. This result

may also be compared with numerical computations (Fig.
10(b)). Since in the model pe is directly related to the
fidelity F through pe = 1 − F , measurement of Osc[ξ2µ]
provides an estimate of the fidelity of the final ground
state.

0 2.5 5 7.5

0

0.1

0.2

0.3

0 5

0.6

0.8

1

1.2

(a) (b)

FIG. 10. (color online). (a) The relative time-dependent os-
cillation in the final regime is compared with the prediction
from the coherent superposition model of Eq. 7 (dashed lines).
2η〈∆P 2〉 are numerical simulated as the solid curves with
{pe, qf} = {0.01, 2.7}, {0.03, 2.1}, {0.05, 2.05}, N = 4000. (b)
The relative oscillation amplitude predicted by the coherent
superposition model of Eq. 8 (dashed line) and the full quan-
tum simulation show good agreement with each other. The
correlation between (ηOsc[ξ2Qyz

])2 versus pe with η ∈ [2, 6]

suggest we can use Osc[ξ2µ] as an indicator of the target state
fidelity.

III. CONCLUSION

In summary, we have discussed a protocol for the
preparation of time-stationary squeezed states in spin-
1 BECs. The protocol simply involves a sequence of
two reductions in the Zeeman energy of the system in
an external magnetic field, in order to tune the system
Hamiltonian close to a QCP. The proposed method ap-
pears to be simpler and faster than the typical adiabatic
techniques. We also propose a procedure to measure the
fidelity of the state preparation by monitoring the har-
monic oscillation of the asymptotic squeezing dynamics.

We expect the methods proposed in this paper may
be applied to other similar many-body systems, for ex-
ample, anti-ferromagnetic spinor condensates with c > 0
[42, 46], bosonic Josephson junctions [19] and the Lipkin-
Meshkov-Glick model [47]. We believe that the proposed
method is ideal for experiments, and could enable the ob-
servation of time-stationary squeezing in spin-1 systems
for the first time.
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Appendix A: Energy gap for finite system-size N

The energy gaps ∆ and ∆E and lowest energy eigen-
vectors are computed by numerical diagonalization of
Ĥ(q) as a function of q and N in the Fock state ba-
sis as mentioned in section II B. The energy gaps are
shown in Fig. 11. Here the low-energy polar state gap
is defined to be ∆ := E1 − E0. Similarly the two high-
est energy eigenstates can be computed with the energy
eigenvalues of EN/2 and EN/2−1. The high-energy polar
state gap is computed as ∆E := EN/2 − EN/2−1. The
value of qc is system size-dependent for the low-energy
polar state case following the approximate relationship
2 − qc/|c| = e3/2N−2/3 as plotted in Fig. 12. From this
qc is computed by finding the location of the minimal en-
ergy gap over the simulated range. The quantum phase
transition for the low-energy polar states is second order
[48] while for high-energy polar states is first order [45].

-0.01 0 0.01

0

0.2

0.4

0.6
(a) (b)

(c) (d)

FIG. 11. (color online). The finite system-size effect on the
QCP shift and the minimal energy gap. Energy gap (a) ∆
and (b) ∆E are simulated for N ∈ [10, 2000]. (a) The QCP
for the low-energy polar state is system-size dependent. (c)

The minimum energy gap Min(∆) is proportional to N−1/3.
(b) The QCP for the high-energy polar state is fixed when the
system size varies. (d) The minimum energy gap Min(∆E)
is linearly correlated to N−1.

Appendix B: Harmonic approximation for the high
energy polar state

For q � 2|c|, the initial high-energy polar state of the
Hamiltonian is the twin-Fock state, which in the Fock

basis can be written as |N/2, 0, N/2〉. The twin-Fock
state also gives a symmetric phase space distribution in
{Sx, Qyz} and {Sy, Qxz}. Near the pole on the 〈Q̂z〉 =
−1, Eq. 1 can be approximated by

H =
2c− q

4

Ŝ2
x + Ŝ2

y

N
− q

4

Q̂2
yz + Q̂2

xz

N
+O(Ŝ4

µ, Q̂
4
µν).

The commutation relationships are
〈k|[−Ŝx/

√
N, Q̂yz/

√
N ]|k〉 = i + O(N/2 − k)/N)

and 〈k|[Ŝy/
√

2N, Q̂xz/
√

2N ]|k〉 = i + O((N/2 − k)/N)
when (N/2 − k) � N . The conjugate variables can be
hence defined by neglecting the O((N/2 − k)/N) terms
as

X1 := −iŜx/
√
N, X2 := iŜy/

√
N,

P1 := iQ̂yz/
√
N, P2 := iQ̂xz/

√
N.

-10 -8 -6 -4 -2
-6

-4

-2

0

FIG. 12. (color online). The QCP shift in Fig. 11 (a)
is computed as a function of N . The dashed curve is
log(2 − qc/|c|) ≈ log(1/N)/3 + 3/2 (the least square linear
fit gives log(2− qc/|c|) = 0.6467 log(1/N)+1.462). This gives
the estimation of the system-size when applying the double-
quench shortcut with good robustness.

The quantum fluctuations are again controlled by two
identical uncoupled quantum oscillators with Hamilto-
nian

H =
q − 2c

4
(X2

1 +X2
2 ) +

q

4
(P 2

1 + P 2
2 ).

With [Xα, Pβ ] = iδα,β , we can identify the mass m =
(q/2)−1 and frequency ω2 = q(q + 2|c|)/4. Under this
definition, the double-quench treatment can be applied.
In this case the quantum variances for an initially pre-
pared twin-Fock state are squeezed, time-independent
and Heisenberg limited for t ≥ T,

∆X2(t) =
1

2

1√
1 + 2|c|/qf

=
1

2

1

1 + 2|c|/qi

∆P 2(t) =
1

2

√
1 + 2|c|/qf =

1

2
(1 + 2|c|/qi).
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Appendix C: Optimal control considerations

The optimal control method minimizing the prepara-

tion time T through the cost function J(T ) =
∫ T
0

1dt
proposed for thermal states in [23] also provides the time-
optimal solution to the transfer between initial and final
oscillator ground states. In our system, the initial polar

condensate state is prepared in a large quadratic Zeeman
energy q0 before t = 0. The optimal control sequence is
a three step jump between q0 and qf (or equivalently,

between x0 =
√
q0/ω0 and xf =

√
qf/ωf ) characteristic

of the so-called “bang-bang” switching between sup q(t)
and inf q(t).

For the initial condition x0 = 1 and τ := t − T ≥ 0,
the phase space map (X,P ) 7→M(τ)(X,P ) is given by

M(τ) =
xf

1 + x2f

 xf cos(ωfτ)−
√

1 + x2f + x4f sin(ωfτ),
√

1 + x2f + x4f cos(ωfτ) + xf sin(ωτ)

−x−1f sin(ωfτ)− x−2f
√

1 + x2f + x4f cos(ωfτ),−x−2f
√

1 + x2f + x4f sin(ωfτ)) + x−1f cos(ωfτ)

 .

This matrix still satisfies the condition ∆X2(t) = x2f/2

and ∆P 2(t) = 1/(2x2f ) although unlike our double
quench protocol it is not a symplectic transformation.
The total time required to complete the optimal control is
T = η

2qf
arccos

(
(1 + η2)/(1 + η)2

)
≈ √η/2|c|, η → +∞.

This time-optimal method has the same leading order
dependence in η for the total time as the double-quench
method but a short-pulse variation in Zeeman energy is
very difficult to achieve experimentally in a spin-1 BEC
system. (see Fig. 13).

For Zeeman energy values in the compact set q ∈
[qf , q0] the optimal control function is piecewise constant
in time, as shown in the figure. The case in which the
oscillator is initially prepared in a coherent vacuum state
corresponds to q0 → ∞, so that the control values lie
in a non compact set q ∈ [qf ,∞). In this case the opti-
mal control reduces to a constant function plus a Dirac
measure in time.

0 0.2 0.4 0.6
0

50

100

FIG. 13. (color online). The optimal control function calcu-
lated for q0 = 100|c|, qf = 3|c|. The evolution begins with
a switch from q0 to qf at t = 0 and then a double switch
qf → q0 → qf over a very short interval below t/tc = 0.4.
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